A FORMAL SYSTEM OF THE GOUGU METHOD
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   In contrast to the deductive structure developed in Euclid’s Elements, which is always taken as the model for ancient Greek mathematical reasoning, the structure of most ancient Chinese mathematical books could be described as that of a collection of problems and procedures. Moreover, these procedures were mostly described within the context of numerical problems. As historians have argued, in some ancient Chinese mathematical texts there are proofs establishing the correctness of the algorithms included. However, these proofs were mostly written by subsequent mathematicians, and were contained in commentaries attached to related procedures
. Therefore, as these proofs were specifically bearing on procedures that were taken from texts that already existed, they could seldom form a system by themselves, and hence the reasoning model in them looks flexible. This raises two related questions: When did Chinese mathematicians think of forming a formal system of mathematics in their books? Moreover, could the mathematical results developed in ancient China be presented systematically and formally? 
   In this article, I shall rely on a Chinese mathematical book, the Gougu Suanshu Xicao (hereafter abbreviated as GGSX, Detailed Outline of Mathematical Procedures for the Right-angled Triangle, 1806), to investigate these questions. Furthermore, I hope that the discussion will shed some light upon questions such as why and in which context a formal system of mathematics emerged in China.

1. Detailed Outline of Mathematical Procedures for the Right-angled Triangle — a formal system for the “Procedure of the right angled triangle (gougu)”
The table of contents of Detailed Outline of Mathematical Procedures for the Right-angled Triangle (GGSX)
   In the mathematics developed in ancient China, the study of the numerical relations between the sides of a right-angled triangle —the “gougu” shape—, the side or diameter of its inscribed and circumscribed square or circle, formed a self-contained system, which was entitled “gougu procedure” (勾股术，Gougu shu). In contrast to the mathematics developed in Europe, in which the sides of a right angled triangle were generally named as sides around the right angle and hypotenuse, in ancient China, the two sides of the right angle had different names, the longer one being named gu, and the shorter one gou
. 
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Figure 1 the gougu shape

The GGSX was completed in 1806 by the Chinese mathematician Li Rui (1769-1817)
. The whole book was devoted to methods for solving a right-angled triangle when two of the following thirteen items attached to it are known
:

   The gou, the shortest one of the two sides around the right angle 

   The gu, the longest one of the two sides around the right angle 
   The hypotenuse
   The sum of gou and gu, 
   The difference between gou and gu 

   The sum of gou and the hypotenuse 

   The difference between gou and the hypotenuse,

   The sum of gu and the hypotenuse,

   The difference between gu and the hypotenuse.

   The sum of gou and the sum (of gu and the hypotenuse)

   The sum of gou and the difference (between the hypotenuse and gu)

   The difference between gou and the sum (of gu and the hypotenuse)

   The difference between gou and the difference (between the hypotenuse and gu)

If we denote gou, gu and the hypotenuse by a, b, and c respectively, the table above contains the following items:
a (gou), b (gu), c (xian), b+a (gougu he), b-a (gougu jiao), c+a (gouxian he), c-a (gouxian jiao), b+c (guxian he), c-b (guxian jiao), a+b+c (gouhe he), b+c-a (gouhe jiao), a+c-b (goujiao he), a-c+b (goujiao jiao)
Table 1: The thirteen items of the “Gougu Procedure”

Li Rui’s text is composed of two parts —the table of contents and the main text. Both are presented in the form of a formal system. First, let us have a look at the table of contents.
The table of contents of the GGSX is a list of 78 problems. We know from a basic theorem in combinatorics that if we choose two items out of 13, we can have 78 combinations. Therefore, the table of contents of the GGSX in fact includes all the problems that can be raised in relation to the topic of the book. This means that Li Rui’s solutions to the whole set of problems concerning the right-angled triangle are included in the book. In the table of contents, the problems are laid out according to two different models. We shall come back to them below. Here is a translation of the first part of the table of contents
, in which, gou is rendered as a, gu as b, and the hypotenuse as c. I designate the difference in lay-out by two marks that I place at the beginning of each item.

· a, b (being given), find c.

· a, c (being given), find b 

· b, c (being given), find a 

· a, a +b (being given), subtract a from the sum, the remainder is b, enter into this problem by the procedure of a and b.

· a, b-a (being given), add a to the difference, the sum is b, enter into this by the procedure of a and b.

· a, a+c (being given), subtract a from the sum, the remainder is c, enter into this by the procedure of a and c.

· a, c-a  (being given), add a to the difference, enter into this by the procedure of a and c.
· a, b+c (being given), find b and c.

· a, c-b (being given), find b and c.

· b, a+b (being given), subtract b from the sum, the remainder is a, enter into this by the procedure of a and b.

· b, b-a (being given), subtract the difference from b, the remainder is a, enter into this by the procedure of a and b.

· b, a+c (being given), find a and c.

· b, c-a (being given), find a and c.

· b, c+b (being given), subtract b from the sum, the remainder is c, enter into this by the procedure of b and c.

· b, c-b (being given), add b to the difference, the sum is c, enter into this by the procedure of b and c.

· c, a+b (being given), find a and b.

· c, b-a (being given), find a and b.

· c, a+c (being given), subtract c from the sum, the remainder is a, enter into this by the method of a and c.

· c, c-a (being given), subtract the difference from c, the remainder is a, enter into this by the procedure of a and c.

· c, b+c (being given), subtract c form the sum, the remainder is b, enter into this by the procedure of b and c.

………

a+b, (b+c)-a (being given), find a, b, and c (two problems). 

……

b-a, a- (c-b) (being given), find a, b, and c (four problems). 

a+c, (b+c)-a (being given), find a, b, and c (two problems). 

……

a+c, a- (c-b) (being given), find a, b, and c (two problems). 

……

c-a, a+ (c-b) (being given), find a, b, and c (four problems). 

……

The table of contents maintains this formal order. For every problem in it, two items are given. The first item was chosen following the order of Table 1, while the second item is the one coming after the first item given in Table 1 and is also chosen according to the order of Table 1. For example, in the first 42 problems, the following pairs of items are given: 

a, b; a, c; a, b+a; a, b-a; a, c+a; a, c-a; a, b+c; a, c-b; a, a+b+c; a, b+c-a; a, a+c-b; a, a-c+b;
b, c; b, b+a; b, b-a; b, c+a; b, c-a; b, b+c; b, c-b; b, a+b+c; b, b+c-a; b, a+c-b; b, a-c+b;
c, b+a; c, b-a; c, c+a; c, c-a; c, b+c; c, c-b; c, a+b+c; c, b+c-a; c, a+c-b; c, a-c+b;
b+a, b-a; b+a, c+a; b+a, c-a; b+a, b+c; b+a, c-b; b+a, a+b+c; b+a, b+c-a; b+a, a+c-b; b+a, a-c+b;
………
Through this arrangement, the author of the GGSX, Li Rui, gave every problem in the book a definite position in the table of contents and if we want, we can figure out the position of a problem by the items given in the problem
. 

   From the above discussion, we see that the list in the table of contents displays a formal system. Let us analyze the structure of the outlines of problems included in the table of contents. I have translated the beginning of the list of problems into English, and I attached a symbol to each problem at the beginning of the translation of its outline. 


The lay out of all the problems marked with a black circle is generally the same. All contain two sentences. The first sentence is composed of the names of two items, without any conjunction between them. The second begins with a verb, qiu (求, find), and ends with the names of the sides of right-angled triangle which are sought-for in that particular problem. 

The problems marked with a square are composed of three parts. The first sentence also consists of the names of two items, without any conjunction. The second part contains one or two procedures. Through the procedure, the items given in the first sentence are transformed into items mentioned in a previous problem. The third sentence is a statement, which begins with yi (依, “according to, relying on”). A procedure named by the two items that are the result of the transformation in the second sentence is then mentioned, and the sentence ends with ruzhi (入之，"enter into it”)
.

  Consequently, it is clear that both the order, in which the list of problems is given in the table of contents, and how the outlines of the procedures are given, are all arranged in a systematic way. However, this is not the only argument on which we rely to reach the conclusion that the GGSX has a formal structure. An examination of the main text of the GGSX also proves revealing and is particularly significant for our argument.  

The main text of the GGSX

The main text contains the twenty-five category I items (those marked with black circles above and in the complete list of problems in the GGSX as given in the Appendix below). All the seventy eight problems in the GGSX are solved in term of these twenty five problems
. Now, let us analyze how Li Rui presents and solves these problems in the GGSX. The translation of the fourth problem in the GGSX, is given here as an example, and reads as follows.

   Suppose gou is (equal to) 12, (and) the sum of gu and the hypotenuse is (equal to) 72. One asks how much gu and the hypotenuse are.

Answer: gu, 35; the hypotenuse, 37.

Procedure: subtract the two sums one from the other, halve the remainder and take it as the dividend, take the sum of gu and hypotenuse as the divisor, divide the dividend by the divisor, (one) gets the gu; subtract the gu from the sum, the remainder is the hypotenuse.
                                                                          0 

Outline: Set up gu as the celestial unknown; multiplying it by itself, one gets      0  
,                                                                            1

which makes the square of gu. Further, one places (on the computing surface) gou, 12; multiplying it by itself, one gets 144, which makes the square of gou.

                          144

Adding the two squares yields  0  , which makes the square of the hypotenuse. (Put it aside on 

                          1

the left). Further, one places the sum of gu and the hypotenuse, 72; subtracting from this the 

                             72 



                                           

celestial unknown, the gu, one gets -1  , which makes the hypotenuse. Multiplying it by itself, one 
 5184
gets–144, which makes a quantity equal to (the number put aside on the left). Eliminating with the 

1              5040                              2520
left (number),
 one gets – 144 ; halving both of them, one gets  -72, the upper one is the dividend

the lower one is the divisor, (dividing), one gets 35, hence the gu. Subtracting the gu from the sum of gu and the hypotenuse, 72, there remains 37, hence the hypotenuse. This conforms to what was asked.   

   Explanation: in the square of the sum, there is one piece of the square of gu, one piece of the square of hypotenuse, and twice the product of gu and the hypotenuse. [Subtracting the square of gou from within it, the remainder is twice the square of gu, subtracting the square of gou from the square of the hypotenuse, the remainder is the square of gu] 
and twice the product of gu and hypotenuse. Halving them makes the square of gu and the product of gu and hypotenuse. Join the two areas together, hence this is the multiplication by one another of gu and the sum of gu and hypotenuse, so, dividing it by the sum, one gets the gu
.

   Except for the first three problems, the lay out of every problem is exactly the same as in the above example. In other words, the text for each problem is comprised of the same components: a numerical problem, an answer to the problem, a general procedure without specific numbers, an outline that sets out the computations using the tianyuan algebraic method, and an explanation, which may be regarded as a general and rigorous proof with a diagram
. Furthermore, the order of the different parts remains the same throughout the whole book
. Consequently, not only most of the problems in the GGSX have the same layout in general, but also the parts of every problem are also arranged in a formal way. 

   Concerning the five parts of each problem in the main text of GGSX, there is not much that can be said about the first three. The structure of the presentation of each problem and its solution remains the same for the whole book. The only changes concern the numerical values in the problem and the answers as well as the concrete procedures. We shall focus our analysis on the last two parts of the presentation of each problem: the outline and the explanation. 

Let us begin our analysis of the structure of these parts of the problems in the GGSX with an inspection of the outline of the calculations. For each of the 33 problems contained in the book, Li Rui gives an outline of the calculations. And except for the first three problems, they all bring into play the tianyuan method
. The first step is to set up the celestial unknown. In addition, Li Rui follows a strict rule in choosing the unknown. The rule is: if a, gou, is not known in the problem, he sets a as the unknown. If a is known, and b is not known, he sets b as the unknown
.  

The second step of the outline consists of establishing the tianyuan equation. To analyze this step, we shall give two examples to show the formal way in which Li Rui does this. Problem 9 reads as follows:

   Suppose there is the gou (which is equal to) 33, the difference between the hypotenuse and gu (which is equal to) 11. Ask for the same items as the previous problem (gu and hypotenuse) are.
   Outline: Set up gu as the celestial unknown, multiplying it by itself, [one] 
    0

gets 0 , which makes the square of gu. Further, one places gou 33; multiplying it by 
1

itself, one gets 1088, which makes the square of gou. Adding the two squares 
1088

together yields   0，  which is the square of the hypotenuse. (Put it aside on the 
               1
left). Further, one places the difference between the hypotenuse and gu, 11, adding it 
11                           121

to the celestial unknown, gu, one gets  1, multiplying it by itself, one gets  22 ,
                                                               1
which makes a quantity equal to (the number put aside on the left). Eliminating with 
                      -868                                       

the left (number), one gets  22 ,  halving both the upper and the lower, one gets  
-484 
11, the upper one is the dividend, the lower one is the divisor, (dividing), one gets 44, which is the gu
.
All the 30 problems follow the same pattern. First, Li Rui tries to find the expression of gou and gu on the basis of the items that are known. He then multiplies each by itself respectively, adds the squares to each other, and puts the result on the left. In a second part, he looks for an expression for the hypotenuse, and squares it. Finally, by eliminating square of the hypotenuse and the expression put on the left side, he gets the equation. The second example (problem 58) shows that Li Rui deliberately followed the same pattern in the whole book. 

   Suppose there is the sum of gou and the hypotenuse (equal to) 676, the difference between the sum (of gu and the hypotenuse) and gou is 560. One asks how much the same items as in the previous problem (gou, gu and the hypotenuse) are.
  Draft: Set up gou as the celestial unknown, multiplying it by itself, one gets 
0

0, which makes the square of gou. Further one places the sum of the hypotenuse and gou,
1                                              676
676, and subtracting gou from it, one gets the following:  -1, which is the hypotenuse.  Further, one places the difference between the sum and gou, 560; adding the celestial 
560
unknown gou to it, one gets the following formula,  1，which makes the sum of gu
                                         676           -116
 and the hypotenuse. Subtracting the hypotenuse， -1 from it, one gets 2, which makes 
                                              13456

gu; multiplying it by itself, one gets the following formula, -464，which is the square of 
                                                  4
13456

gu. Adding the two squares together, one gets the following formula:  –464, which 
                                                            5

makes the square of hypotenuse. (Put it on the left). Further, multiplying the 
          676               456976

hypotenuse,  -1, by itself, one gets -1352 , which makes a quantity equal to (the
                                1
                                                      -443520

number put aside on the left)  Eliminating the left (number), one gets 888 ; dividing all 
                                                         4

110880
the numbers
from up to bottom by 4, one gets 222. Solve the equation of two degree, 
                                        1

One gets 240, which is the gou. Get the gu and hypotenuse according to procedure. This answers the problem.

In modern algebra expression, the above outline could be reformulated into the following procedure:

Take a, the gou, as x, 
then, 
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In this problem, relying on the items given in the outline, Li Rui first finds the hypotenuse. However, he does not multiply the hypotenuse by itself, to put the result on the left side. Instead, he seeks to find the gu, and, only then, he adds the square of gou and gu and puts the result to the left. It is only in the second step that he computes the square of the hypotenuse and eliminates the result with the number placed on the left side. It is clear that the final equation could not be affected by which number was first put on the left side, and there are reasons to believe that Liu Rui certainly understood this point. Only one reason can account for why Li Rui insisted on determining the gu first, namely, that he wanted to follow the same format in presenting each of the outlines. 

   From the evidence analyzed above, we can conclude that throughout the whole book Li Rui follows a formal pattern for the outline of calculation. 

Let us now consider how Li Rui presents his explanations in his book.   What kinds of rules does Li Rui follow to formulate his proofs?
  The eighth problem of the book reads: 
   Suppose the hypotenuse is (equal to) 75, and the sum of gou and gu (equal to) 93. One asks how much the gou and gu are.
   The procedure given is as follows: 
Subtract the two squares one from the other, halve the remainder and take it as the negative constant. Take the sum (of gou and gu) as the positive coefficient of the first degree of the unknown, and the negative one as the coefficient of the highest degree of the unknown. Extracting the second degree equation, one gets the gou. Subtracting gou from the sum, the remainder is gu
.
   This procedure may be represented in modern algebraic terms by the following equation: 
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Li Rui’s explanation may be translated as follows:
Explanation: in the square of the sum, there are four pieces of the product of gou (a) and gu (b), one piece of the square of the difference between gou and gu. In the square of the hypotenuse, there are twice the product of gou and gu, and one piece of the square of the difference (between gou and gu). Subtracting one from the other, the remainder is twice the product of gou and gu. Halving it, one gets one piece of the product, which is also the product of gou and the sum of gou and gu minus the square of gou. Therefore, take the sum as the negative coefficient of the first degree of unknown
. 

   


Now, let us inquire into the process of explanation. In the first step, Li Rui discomposes the two “squares” mentioned at the beginning of the procedure and gets the geometrical expression of the difference between them, then he transfers the half of the difference between the two squares, which is the negative constant term of the equation described in the procedure, into the form of an expression involving the unknown, gou, and gu. Then, he further changes the product of gou and gu into an expression depending on the unknown, gou, and the given item, gou+gu. This yields the same expression as the equation of the procedure. Therefore, the explanation is strictly corresponding to the procedure. With the diagram, the explanation is in fact a geometrical proof to account for the correctness of the general procedure. 

   Except for the first three, all the proofs in the book are obtained by exactly the same process. Therefore, we may conclude that the proofs are also produced in a uniformly formal way. 


To recapitulate, in the whole work Li Rui follows a formal way for the outline of the calculation, through which a tianyuan algebraic equation —the procedure— is found, as well as for his proofs. With this formal structure of the book, he produces a formal system for the gougu procedure strictly based on traditional methods developed in ancient China. From this, we see that the ancient Chinese methods could be used to present mathematical knowledge in the shape of a formal system.

2. Li Rui’s intention in developing a formal system of the gougu methods

   From the above discussion, we see that the GGSX is shaped as a formal and complete system for solving right-angled triangles (gougu shape in Chinese). In this section of the paper, I will tackle two problems. First, did Li Rui deliberately plan his GGSX as a formal work? If the answer is yes, we shall then seek to understand why he was interested in creating such a formal system of gougu procedures, and what he wanted to show to his readers through such a system.
   First, we must establish that Li Rui consciously developed his system.

   Let us start by summing up the characteristics of the formal expression of the system in the GGSX. 

    1. The organization of the table of contents of the GGSX follows a consistent pattern. 

2. The layout of the problems in the main text follows a consistent pattern too. 

3. Tianyuan algebra is used for the outlines of calculation in the text except the first three.    

   4. Li Rui follows a formal and systematic way of choosing the unknown, and seeking the equation in the outline.

   5. The proofs are derived from the corresponding procedure strictly using the same process and methods.
   Now, let us see whether it was necessary for Li Rui to follow all the steps listed above.
   It is clear that there should be no need for the layout of the table of contents and all problems in the main text to follow a consistent pattern. Moreover, most ancient Chinese mathematical books do not share this feature. We may thus safely assume that if Li Rui took the trouble to design his book in this formal way, he did so intentionally.

   Let us now come to the third and fourth features. In ancient China, the study of gougu procedures has a history that precedes the invention of tianyuan algebra. In the Nine Chapters of Mathematical Procedures, an entire chapter is devoted to gougu problems, for the solution of which procedures are given
. And we have evidence showing that up to the third century, Liu Hui and Zhao Shuang gave proofs to some formulas
. Although their diagrams are lost, other books survive that include proofs of some of the formulas, and Li Rui was familiar with most of them
. Therefore, he could easily have studied these results and proofs. In fact, in some cases, the proofs could be more easily and clearly presented without using the tianyuan methods. Therefore, it was not necessary for Li Rui to use tianyuan algebra for all the problems and proofs in which he used it.

    So, it is not farfetched to conclude that Li Rui chose to use tianyuan algebra deliberately. Furthermore, there was no need for him to follow exactly the same order to obtain his equations. As we have already showed above, it was not necessary to obtain systematically first the gou and gu, and only then the xian or hypotenuse. Nor was it necessary to systematically look for the equation on the basis of the Pythagorean theorem, as Li Rui does. A number of formulas existed in ancient Chinese mathematical books, such as The Nine Chapters, Yang Hui’s Xiangjie jiuzhang suanfa and Li Ye’s Ceyuan haijing. Xu Guangqi and Mei Wending also provide several formulas in their books. Li Rui studied all of these books before he compiled the GGSX. Had he wanted to do so, he could have used these formulas to find his equations more easily. Clearly, he insisted on following a uniform pattern throughout his book. 

   The same remark applies to the proofs. It was also not necessary to follow exactly the same approach throughout. But again, clearly Li Rui obstinately chooses to stick to a rule he has set for himself. 

   From the above analysis, one can reasonably conclude that Li Rui deliberately shaped a formal system of gougu problems in his book.

   This conclusion leads us to our last problem: what did he intend to show his readers in forming such a system? Li Rui’s preface to the GGSX gives us some hints. He writes:

[As for] the Dao of mathematics, the important thing is that one must thoroughly understand the great principles (Yi 義). [If one] seeks [methods] by minor parts, even if his [method] is in accordance (with the problem) in number, it can not be looked upon as a method. In the year of Bingyin, Xu Yunan (Naifan) and Wan Xiaolian (Qiyun) studied with me, [the knowledge they learned] also came down to gougu mathematics. In the free time between our discussions, [I] compiled this book and showed it to them. In order to (let them) know that even if procedures are produced according to [specific] problems, they still have a consistent [reason behind] them.


This passage from the preface shows clearly that Li Rui did not aim at achieving new discoveries when he composed the GGSX. His aim was to show that there was a consistent reason or theory in mathematics. His essential motivation for writing the book was without doubt didactic
.  

However, there may have been another reason why Li Rui wrote such a book. Possibly he hoped to show that the mathematical results developed in ancient China had consistent reasons and had their own system. His intention to do so might have been to reject the opinion that Chinese mathematical books only provided procedures for concrete problems. I do not have hard evidence to support my argument, but considering the context within which the GGSX was compiled sheds some light on Li Rui’s intention and provides additional support to my argument. 
In 1607, the first Chinese translation of Euclid’s Elements (the first six books) was published under the title Jihe yuanben
. The two translators, Matteo Ricci and Xu Guangqi, claimed that giving reasons for mathematical methods and leaving the reader with no doubt about mathematical knowledge were the essence of Western mathematics. Two years after the publication of the Jihe yuanben, in 1609, Xu Guangqi composed Gougu yi (The Principle of Gougu)
. To interpret the word yi, we have to briefly mention what Xu Guangqi said in the preface of another book, Celiang fayi (1607). P. Engelfriet offers the following analysis: 
   He [Xu Guangqi] makes a distinction that proves very important in his conception of Western mathematics: a distinction between methods and yi. The word yi can take on a wide range of meanings, but it is obvious that in this context it must refer to the proofs and explanations given in Western mathematics. For Xu Guangqi states explicitly that only after the Jihe yuanben had been translated was it possible to transmit the yi of the methods. Moreover, the Western methods of surveying are not essentially different from the methods transmitted in the Zhoubi suanjing and the Jiuzhang suanshu. What makes Western mathematics more valuable is that it supplies explanations which show why the methods are correct
.

In his Gougu yi, Xu Guangqi sums up the main topics Chinese mathematicians addressed with respect to gougu problems. He stresses that these problems could only be solved on the basis of the Pythagorean Theorem
, to be found as the 47th proposition of book I in the Elements. He argues:

In the old Nine Chapters, there are also [methods] of finding the gou and gu from each other, [finding] the inscribed square and circle, and [finding] the sums and the differences from each other
. But it is only capable of stating the methods, and it is not capable of discussing its principles (yi). The methods established [in it] are in disorder and shallow, and do not bear reading
.
   What is significant for us here is that both Xu Guangqi and Li Rui use the word yi. While Xu argues that The Nine Chapters did not talk about yi, Li Rui argues that one has to understand the yi
. However, although Xu believed that traditional mathematical learning could not provide any “principle” for the gougu procedure, Li Rui developed a formal system based on traditional methods and mathematical terms
. It therefore seems reasonable to assume that one of the reasons why Li Rui wrote the GGSX was that he wanted to demonstrate that the traditional methods could be developed into systems and, in doing so, one could also form a system of consistent reasoning
. 
Let me sum up briefly my conclusions. In 1806, the Chinese mathematician Li Rui shaped a formal system based on the gougu procedure. In his work, in seeking procedures and the proof of their correctness, Li Rui strictly follows traditional methods and terms. This provides evidence for whether there could have been a formal system in mathematical research in ancient China. Further analysis shows that Li Rui deliberately constructed such a formal system. Even if he may have had only a didactical aim in mind, it appears that the context of tension between Western mathematical methods and Chinese traditional methods may well lie at the bottom of Li Rui’s motivation for compiling the GGSX.

Appendix: the content of the Detailed Outline of Mathematical Procedures for the Right-angled Triangle
	Problem
	Given
	Find
	Other

	●1

	a, b
	C
	

	●2
	a, c
	B
	

	●3
	b, c
	A
	

	□4
	a, b+a
	b, c
	Problem 1
 

	□5
	a, b-a
	b, c
	Problem 1

	□6
	a, c+a
	b, c
	Problem 2

	□7
	a, c-a
	b, c
	Problem 2

	●8
	a, c+b
	b, c
	

	●9
	a, c-b
	b, c
	

	□10
	b, b+a
	a, c
	Problem 1

	□11
	b, b-a
	a, c
	problem 1

	●12
	b, c+a
	a, c
	

	●13
	b, c-a
	a, c
	

	□14
	b, c+b
	a, c 
	problem 3

	□15
	b, c-b
	a, c
	problem 3

	●16
	c, a+b
	a, b
	

	●17
	c, b-a
	a, b
	

	□18
	c, c+a
	a, b
	problem 2

	□19
	c, c-a
	a, b
	problem 2

	□20
	c, b+c
	a, b
	problem 3

	□21
	c, c-b
	a, b
	problem 3

	□22
	a+b, b-a
	a, b, c
	problem 1

	●23
	a+b, a+c
	a, b , c
	

	●24
	a+b, c-a
	a, b, c
	

	□25
	a+b, c+b
	a, b, c
	problem 24

	□26
	a+b, c-b
	a, b, c
	problem 23

	●27
	b-a, a+c
	a, b, c
	

	●28
	b-a, c-a
	a, b, c
	

	□29
	b-a, b+c
	a, b, c
	problem 27

	□30
	b-a, c-b
	a, b, c
	problem 28

	□31
	a+c, c-a
	a, b, c
	problem 2

	●32
	a+c, c+b
	a, b, c
	problem 27

	□33
	a+c, c-b
	a, b, c
	problem 23

	□34
	c-a, b+c
	a, b, c
	problem 24

	●35
	c-a, c-b
	a, b, c
	problem 28

	□36
	c+b, c-b
	a, b, c
	problem 3

	□37
	a, a+b+c
	b, c
	problem 8

	□38
	a, c+b-a
	b, c
	problem 8

	□39
	a, a+c-b
	b, c
	problem 9

	□40
	a, a-c+b
	b, c
	Problem 9

	□41
	b, a+b+c
	a, c
	Problem 12

	□42
	b, c+b-a
	a, c
	Problem 13

	□43
	b, a+c-b
	a, c
	Problem 12

	□44
	b, a-c+b
	a, c
	Problem 13

	□45
	c, a+b+c
	a, b
	Problem 16

	□46
	c, b+c-a
	a, b
	Problem 17

	□47
	c, a+c-b
	a, b
	Problem 17

	□48
	c, a-c+b
	a, b
	Problem 16

	□49
	a+b, a+b+c
	a, b, c
	Problem 16

	●50
	a+b, c+b-a
	a, b, c
	A+b>c+b-a

	●50
	a+b, c+b-a
	a, b, c
	A+b<c+b-a

	●51 
	a+b, a+c-b
	a, b, c
	

	□52
	a+b, a-c+b
	a, b, c
	Problem 16

	●53
	b-a, a+b+c
	a, b, c
	

	54□
	b-a, b+c-a
	a, b, c
	Problem 17

	55□
	b-a, a+c-b
	a, b, c
	Problem 17

	●56a
	b-a, a-c+b
	a, b, c
	b-a>a-c+b; (b-a)-(a-c+b)>a-c+b

	●56b
	b-a, a-c+b
	a, b, c
	b-a>a-c+b; (b-a)-(a-c+b)<a-c+b

	●56c
	b-a, a-c+b
	a, b, c
	b-a<a-c+b; (a-c+b)-(b-a)>b-a

	●56d
	b-a, a-c+b
	a, b, c
	b-a<a-c+b; (a-c+b)-(b-a)<b-a

	□57
	a+c, a+b+c
	a, b, c
	Problem 12

	●58a
	a+c, b+c-a
	a, b, c
	A+c> b+c-a

	●58b
	a+c b+c-a
	a, b, c
	A+c< b+c-a

	□59
	a+c, a+c-b
	a, b, c
	Problem 12

	●60a
	a+c, a-c+b
	a, b, c
	

	●60b
	a+c, a-c+b
	a, b, c
	In this problem, two answers are given. This means there are two different right-angled triangles with the same data a+c and a-c+b

	●61
	c-a, a+b+c
	a, b, c
	

	□62
	c-a, c+b-a
	a, b, c
	Problem 13

	●63a
	c-a, a+c-b
	a, b, c
	c-a>a+c-b, (c-a)-(a+c-b)> a+c-b

	●63b
	c-a, a+c-b
	a, b, c
	c-a>a+c-b, (c-a)-(a+c-b)< a+c-b

	●63c
	c-a, a+c-b
	a, b, c
	c-a<a+c-b, (a+c-b)-(c-a)> c-a

	●63d
	c-a, a+c-b
	a, b, c
	c-a<a+c-b, (a+c-b)-(c-a)<c-a

	□64
	c-a, a-c+b
	a, b, c
	Problem 13

	□65
	c+b, a+b+c
	a, b, c
	Problem 8

	□66
	c+b, b+c-a
	a, b, c
	Problem 8

	●67
	c+b, a+c-b
	a, b, c
	

	●68
	c+b, a-c+b
	a, b, c
	

	●69
	c-b, a+b+c
	a, b, c
	

	●70
	c-b, b+c-a
	a, b, c
	

	□71
	c-b, a+c-b
	a, b, c
	Problem 9

	□72
	c-b, a-c+b
	a, b, c
	Problem 9

	□73
	a+b+c, b+c-a
	a, b, c
	Problem 8

	□74
	a+b+c, a+c-b
	a, b, c
	Problem 12

	□75
	a+b+c, a-c+b
	a, b, c
	Problem 16

	□76
	b+c-a, a+c-b
	a, b, c
	Problem 17

	□77
	b+c-a, a-c+b
	a, b, c
	Problem 13

	□78
	a+c-b, a-c+b
	a, b, c
	Problem 9
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�The best known examples of proofs in ancient Chinese mathematical texts are those Liu Hui provided in his commentary to Jiuzhang Suanshu. For greater detail, see Guo Shuchun (1987); Karine Chemla (1992); Karine Chemla & Guo Shuchun (2004), 3-70; Wu Wenjun (1978). 


� In his commentary on The Nine Chapters of Mathematical Precedures, Liu Hui gave the following definition: “The shorter side is named gou, (and) the longer side is named gu” (Liu Hui, Commentary, in Jiuzhang Suanshu, chapter 9, 1a). When different names are used, it is easy to describe the calculation between them and to name the quantities they yield. In what follows, we will come back to these quantities. During the 16th and the 17th centuries, some Chinese mathematicians named gu the vertical side of the right-angled triangle, and gou the horizontal side (See Gu Yingxiang, Discussion on Gougu, in Gu Yingxiang, 2a.). In GGSX, the author Li Rui named the sides in the ancient way, which he described in his text.


� Liu Dun (1993).


� In Yang Hui’s Xiangjie Jiuzhang Suanfa (A Detailed Explanation of the Nine Chapters of Mathematical Procedures, completed in 1261), there is a table containing all of these thirteen items. Guo Shuchun (1988) argues that the main part of this book was written by Jia Xian, and that Yang Hui only provided commentaries on it. If this is so, these thirteen terms were already sorted out in the 11th century. Note that the names of the last four terms included in Yang Hui Suanfa (Mathematical Methods by Yang Hui) are not the same as those Li Rui uses in his book. For example, Yang Hui (45a) expressed the sum of gou and the sum of gu and hypotenuse as “sum of hypotenuse and the sum (of gou and gu)”.


� One may think that there could be other terms, such as the sum of hypotenuse and the difference between gou and gu. That could be denoted as hypotenuse + ( gu –gou). However, it is equal to (hypotenuse + gu)-gou. 


In fact, this table includes the three sides of a right-angled triangle and the positive differences and sums that can be derived from them.


� For the complete table of contents, see Appendix 1. In the original text, there is no mark at the beginning of each problem in the table of contents. In order to clarify the structure of the table and the book, I attach a mark, a circle or a square to each problem.


� Li Rui (1806), Table of contents (Mu, 目), 1a-6b.


� Through this arrangement, Li Rui also ensured that he would not leave any problem out. Another Chinese mathematician, Wang Lai, one of Li Rui’s friends, gave the general solution to the problem of computing the number of combinations of n things taken two or more at a time. See Wang Lai (1799?). Wang Lai does not provide the exact date of the completion of this book, however he mentions that he attained the results contained in it in 1799. For details of the compilation of Wang Lai’s book, see Li Zhaohua.


� The whole item means that one solves the problem according to the procedure of the problem in which the resultant items are given. Only the problems marked with a black circle are contained in the main text of the book, the ones marked with a square appearing only in the table of contents. In fact, through the sentences just described, these problems are transformed into one of the other problems. These sentences not only give the way of transforming one problem into another, but also give the reasons why this problem could be solved by the procedure mentioned in the third sentence. For example, the fourth problem reads “a, a+b (being given), subtract a from the sum, the remainder is b, enter into this by the procedure of a, b”. The first sentence makes precise the data given in the problem, and the last one indicates that the procedure for the first problem solves this new problem, while the middle one yields the reason for this, that is, (b + a ) - a = a. In other words, a is given, and it is shown how b can be found. The problem can hence be solved with the procedure of the problem, the data of which are a and b. In this way, even though only the problems marked with black circles are solved in the main part of the book, the book indicates how to solve the entire set of 78 problems. We will come back to this point later.


� See footnote 10. In fact, the main text of GGSX contains 33 problems. For some problems, a note is attached to the outline, which says “two problems” or “four problems” (see the table of contents). This is not simply because Li Rui wants to give more examples to special problems. He has better reasons for this. The first kind of problem that is represented by two examples is the one for which “a+b and (b+c)-a (being given), [it is asked to] find a, b, and c”. For this problem Li Rui gives two examples. One relates to the condition (b+c)-a > a+b, whereas the other illustrates the condition (b+c)-a < a+b. For these two examples, even though the procedure used is the same, in relation to the difference in the conditions, Li Rui has to provide two cases. He gives two different demonstrations and constructs different diagrams for each of them. In the thirteenth century, Li Ye had already encountered this kind of difficulty. Li Rui edited Li Ye’s Ceyuan Haijing in 1797, so it is likely that he may have been influenced by his research on Li Ye. In one problem, Li Rui provided two different groups of answers for a second-degree equation. This is due to his study on the theory of equations. For Li Rui’s study on equations, see Liu Dun (1989).


� In ancient China, the degree of the unknown was indicated by the position of its coefficient. In the GGSX, the degree of an unknown attached to a given coefficient increases from top to bottom. This polynomial is equivalent to� EMBED Equation.3  ���. For an explanation of the tianyuan method, see Li and Du.


� In the original text, characters contained in square brackets were printed in smaller size than the main text. This arrangement indicates that Li Rui did not think that this part belong to the main text. In fact, this part provides the reasoning of the previous statement. Li Rui generally provides reasons for his argument and statements in this way throughout the whole work. 


� Li Rui (1806), 8b-9a.


� The explanation does not discuss the meaning of the problem or the procedure, but it highlights the reasons why the procedure given is correct. This is why it can essentially be considered as a proof of the procedure following the problem.


� In the first problem, Li Rui tries to reconstruct the demonstration of the “Pythagoras theorem” (which in present-day Chinese is called the “Gougu theorem,” whereas in the past it was called “Gougu procedure”), as given by Liu Hui around the year 263. Strictly speaking, the demonstration is not a rigorous one, and it is unknown whether it reflects Liu Hui’s original proof or not. For Li Rui’s demonstration of the Pythagorean theorem, see Tian Miao (Forthcoming). For Liu Hui and his proof of the Pythagoras theorem, see Wu Wenjun (1978), Guo Shuchun (19a92), K. Chemla (1992), K. Chemla and Guo Shuchun (2004).


� Tianyuan algebra is a method for solving problems. It makes use of polynomials with one indeterminate, expressed according to a place-valued system, in order to find out an algebraic equation that solves the problem. The equation was also written down according to a place-valued notation. The expression of polynomials and equations makes use of the representation of numbers with counting rods in a place-valued number system. Moreover, the notation uses the tianyuan, which is supposed to be the unknown and which is represented by a position. This method flourished in 13th –14th century China. However, it seems that Chinese scholars and mathematicians could no longer understand this algebraic method by the 16th century. In the 18th century, Chinese mathematicians rediscovered this ancient method, and Li Rui, author of GGSX, made the most outstanding contribution to restoring it. For tianyuan algebra, see Qian Baocong (1982); On the revival of the tianyuan method in 18th century China, see Tian Miao (1999).


� Only in the third problem, in which a and b are known, c is chosen as unknown. This problem is solved by a direct application of the Pythagorean theorem, and thus the tianyuan method is not used.


� Li Rui (1806), 9b.


� Liu Rui (1806), 28b-29a.


� Li Rui (1806), 11b.


� Li Rui (1806), 12a. 


� According to Guo Shuchun, the main part of the Nine Chapters of Mathematical Procedures, including the “Gougu” Chapter, was already formed before the 1st century B.C. See Guo Shuchun.(1992). On the “Gougu procedure” in the Nine Chapters, see Guo Shuchun(1992), 83.


� On Liu Hui’s proof of Gougu procedures, see Karine Chemla, Guo Shuchun (2004), 704-707.


� In 1797, the year he compiled the Chouren zhuan, a collection of biographies of mathematicians and astronomers, Li Rui made a serious study of all the mathematical texts that existed in his time, including Yang Hui’s Xiangjie Jiuzhang Suanfa, Xu Guangqi’s Gougu yi and Mei Wending’s Gougu juyu. On Xu Guangqi’s Gougu yi and Mei Wending’s Gougu juyu, see Tian Miao (forthcoming).


� Li Rui, preface to GGSX.


� See Liu Dun (1993).


� On the transmission of the Elements in China, see P. M. Engelfriet (1998), P. M. Engelfriet (1993).


� See Engelfriet (1998), 297-298.


� P. Engelfriet (1998), 297. Engelfriet discusses the meaning of yi and the origin of this term in Xu Guangqi’s book in more detail in Engelfriet (1993). 


� The example Xu Guangqi quotes earlier in his text is from the Zhoubi suanjing (The Mathematical Canon of the Zhoubi, dating from the beginning of the first century BC.). This text contains a general statement of the Pythagorean Theorem, including a paragraph which could be regarded as a general proof of it (see Li Guowei, Li Jimin). In the third century, Zhao Shuang and Liu Hui present clearer proofs in their commentaries to the Zhoubi Suanjing and The Nine Chapters, respectively. See Qian Baocong (1982), Guo Shuchun (1985), K. Chemla and Guo Shuchun (2004), 704-745.


� The Nine Chapters of Mathematical Procedures (dated from the 1st century B.C. to the 1st century A. D). This is one of the most important mathematical classics of ancient China. The ninth chapter of this book is devoted to gougu methods. See Guo Shuchun (1985).


� Xu Guangqi, preface.


� In Liu Hui’s commentary (263 of the Nine Chapters of Mathematical Procedures), he uses the character yi to indicate the reason behind the procedures provided in the Nine Chapters. On the meaning of yi in ancient Chinese mathematical texts, see K. Chemla “Yi (義)”, in K. Chemla and Guo Shuchun (2004), 1022-1023.


� From 1797 onwards, Li Rui began helping Ruan Yuan to compile the Chouren zhuan (Biographies of mathematicians and astronomers). The main sources for this book were from the Siku quanshu. Xu Guangqi’s Gougu yi was included in this encyclopedia. Therefore, one can safely assume that Li Rui studied Xu Guangqi’s book and knew Xu’s opinions concerning traditional gougu procedures. 


� For a detailed analysis of Li Rui’s attitude towards Western and traditional mathematics and detailed arguments concerning the compilation of the GGSX, see Tian Miao (1999) and Tian Miao 2005..


� The sign “*” indicates problems that were also discussed by Xu Guangqi in the Meaning of Gougu.


� This means “solve this problem using the method of problem 1”. Similarly hereafter. 
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